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I. INTRODUCTION
Cantilever beam resonators are often used as sensors for a range of applications, including the ultrasensitive detection of mass [1, 2] , accelerometers where they form the principal component [3] , and the atomic force microscope (AFM) [4] . Knowledge of their dynamic properties is vital to many of these applications and often dictates the sensitivity to which measurements can be performed [2] . Immersion in fluid is of particular importance and is known to strongly enhance energy dissipation [5, 6] , thus, reducing measurement sensitivity [1, 2] . Therefore, the ability to control and to predict this behavior is critical to the design and use of cantilever devices in fluid.
The dynamic properties of cantilever devices immersed in fluid have been studied widely [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Miniaturization has been shown to strongly increase the effects of fluid viscosity and to enhance energy dissipation in these systems [6] . For cantilever devices typically found in microelectromechanical systems and AFM, the observed quality factors in air are several orders of magnitude lower than their values in vacuum, with the immersion in liquid lowering the quality factors by a further 2 orders of magnitude [5, 6] . These dramatic effects are enhanced upon further miniaturization, leading to strongly overdamped systems in liquid [6] . These features present a significant impediment to technological development, since they limit the sensing applications of micro-and nanoscale cantilevers in liquid. This is particularly relevant to mass and environmental sensing in biological and colloidal systems, where the resonant frequency shift of the cantilever is often monitored [1, 2, 16] .
Recently, a different class of cantilever device was developed that embeds a microfluidic channel in its interior while evacuating the region exterior to the device [17] [18] [19] -these are commonly called suspended microchannel resonators; see * jsader@unimelb.edu.au Fig. 1 . Mass sensing in these devices is achieved by flowing material in solution through the interior of the microfluidic channels-both flow-through and adsorption measurements are possible [17] . Importantly, the quality factors exhibited are orders of magnitude larger than conventional cantilever devices in the presence of fluid. This dramatically enhances the sensitivity of microfluidic beam resonators to environmental changes, allowing for the ultrasensitive detection of mass in liquid [17] [18] [19] . Theoretically, the mechanisms leading to this observed reduction in energy dissipation have been analyzed, with predictions in good agreement with measurements [20] [21] [22] . Interestingly, energy dissipation is a nonmonotonic function of fluid viscosity, allowing for an enhancement in quality factor through a reduction in device size. This contrasts strongly with conventional cantilever devices immersed in fluid, which exhibit a monotonic decrease in the quality factor with increasing viscosity or, equivalently, a uniform reduction in size [6] . Microfluidic cantilever devices overcome this fundamental difficulty and, thus, present a highly favorable structure for liquid sensing at the micro-and nanoscales.
In this paper, we expand on our previous work and examine the effect of Poisson's ratio on energy dissipation in these microfluidic beam devices. It is found that a nonzero (positive) Poisson ratio can strongly reduce energy dissipation and, thus, can enhance measurement sensitivity, for example, frequency shift resolution due to mass loading. This directly contrasts with conventional cantilevers, whose energy dissipation is independent of Poisson's ratio. The mechanisms leading to these disparate effects are discussed, and a simple analytical formula is presented for the effects described. Specifically, the effective channel placement away from the beam neutral axis Z eff is found to be well approximated by
in many cases of practical interest, where Z off-axis is the true channel position from the neutral axis (see Fig. 2 ) and σ is Poisson's ratio of the beam material. Flow generated by placement of the channel on the beam neutral axis is found to be unaffected by Poisson's ratio.
These findings open up a different dimension for tuning energy dissipation in microfluidic beam resonators, allowing for greater flexibility in design, manufacture, and application. Specifically, through the use of materials with Poisson's ratios near the incompressible limit (σ = 1/2), energy dissipation can strongly be reduced. From Eq. (1), it is evident that such devices are less sensitive to the effects of fluid channel placement away from the beam neutral axis, which is known to strongly enhance energy dissipation [21] . The physical mechanisms leading to this finding will be discussed. Also, a comparison to available measurements over a range of fluids will be presented for the first two flexural modes of vibration.
We begin by summarizing the theoretical framework used in our previous paper, and we discuss the effect of Poisson's ratio on the beam deformation. This is followed by the complete solution to the fluid-structure interaction problem. The effects of placement of the channel both on and away from the neutral axis of the beam will be explored. Then, we present detailed numerical results examining the effect of Poisson's ratio on energy dissipation. The simple analytical formula in Eq. (1) is derived. Finally, a comparison of the derived theoretical model with experimental measurements will be presented, followed by practical recommendations. A first principles derivation of the displacement field of the Euler-Bernoulli beam theory [23] is presented in the Appendix due to its relevance to this paper.
II. THEORETICAL MODEL
In Refs. [20] [21] [22] , we developed theoretical models for energy dissipation within the fluid channel of a microfluidic beam resonator. Here, we briefly review the underlying assumptions of these models since they also form the basis for the present model. Consider a rectangular cantilever beam with a thin embedded channel that contains fluid; see Fig. 2 . The following geometric assumptions are imposed:
(A) The cantilever length L is much larger than its width b cant and thickness h cant .
(B) The fluid channel thickness h fluid is much smaller than the channel width b fluid ; as a leading order approximation, we take the formal limit h fluid /b fluid → 0 throughout. This enables the embedded fluid channel to be represented by a single channel whose total width is the sum of the two parallel channels widths, cf. Figs. 1 and 2.
(C) The fluid channel spans the entire length of the cantilever L, and the cantilever is vibrating in one of its flexural modes [22] .
(D) The lead channel of length L c within the substrate of the chip is rigid.
(E) The amplitude of oscillation is much smaller than any geometric length scale of the beam so that the convective inertial term in the Navier-Stokes equation can be ignored, and linear motion and flow are ensured [6] .
Under these conditions [21] , the displacement field in the solid is given by Euler-Bernoulli beam theory; see the Appendix for a detailed derivation of this classical theory, which also emphasizes its principal assumptions. This displacement field sets the boundary conditions that drive fluid motion within the channel.
A. Fluid boundary conditions
From Eq. (A8) of the Appendix, the displacement field of the beam material (for arbitrary Poisson's ratio σ ) is given by
where W (x,t) is the beam deflection function, the Cartesian coordinate system is specified in Fig. 2 , and t is time; W is zero inside the rigid lead channel (x < 0). The model assumptions (A)-(C) indicate that terms dependent on the Poisson ratio in Eq. (2) are negligibly small [21] -they are O(h fluid /L) smaller than other terms and were omitted in the formulations of Refs. [20] [21] [22] . These Poisson ratio terms in Eq. (2) are indeed negligible for on-axis placement of the channel. However, their net effect on the fluid motion and energy dissipation can be of equal order to other terms when the fluid channel is placed away from the beam neutral axis, unless the Poisson ratio is zero. The physical reasons for these features and the situations where Poisson's ratio is important are discussed in detail below.
All dependent variables are expressed in terms of the explicit time dependence e −iωt such that
where ω is the radial frequency and i is the usual imaginary unit. Henceforth, for simplicity, we will omit the superfluous "∼" notation, noting that the above relation holds universally. Consequently, the velocity field of the beam resulting from Eq. (2) is
The beam deflection function W is found by solving the Euler-Bernoulli beam equation, subject to clamped-free boundary conditions
where A is the oscillation amplitude at the free end of the cantilever (x = L), n = 1,2,3, . . . is the mode number, and C n is the nth positive root of cosh C n cos C n = −1.
Fluid flow in the channel is driven by the solid velocity as specified in Eq. (3). Note that terms in Eq. (3), dependent on Poisson's ratio, produce a distortion of the beam cross section [24] as the beam deflects. This distortion is illustrated in Fig. 3 for a range of Poisson's ratios and is in addition to the extension in the x direction and vertical deflection in the z direction; the latter deformations are both independent of Poisson's ratio; see Eq. (3). The net effect of this cross-sectional distortion on the flow generated in the fluid channel is now investigated.
The center of the fluid channel is positioned at z = z 0 , and thus, is z 0 away from the neutral axis of the beam. From Eq. (3), velocities of the upper and lower surfaces of the channel are
where h fluid is the channel thickness. By expanding Eq. (5) and collecting terms of equal power in the off-axis placement, z 0 then gives
where
where z d = z − z 0 = ±h fluid / 2 at the upper and lower surfaces of the channel. Since the fluid channel is assumed to be infinitely thin (h fluid /b fluid → 0), in accord with Assumption (B), the velocity boundary conditions at the edges of the channel are specified implicitly in Eq. (7). From Eq. (6), it is evident that F 0 (x,y|ω) specifies flow boundary conditions for the placement of the channel on the beam neutral axis, i.e., z 0 = 0. The terms F 1 (x,y|ω) and F 2 (x,y|ω) yield corrections due to the placement of the channel away from the neutral axis. Since the problem is linear, flows generated by these three terms can be solved independently and later can be combined to obtain the complete solution. We now examine the individual components within these three terms and assess their relative contributions in the limit of an infinitely thin channel, i.e., h fluid /L → 0.
On-axis placement
We begin with the placement of the fluid channel on the beam neutral axis, i.e., z 0 = 0. Since no axial force is applied, the beam is inextensible, and the net extension and compression of the fluid channel is zero, as discussed in the Appendix. As such, the volumetric flux along the channel is zero, and F 0 (x,y |ω ) generates a localized shear flow at any point (x 0 ,y 0 ). Thus, we expand F 0 (x,y |ω ) about the planar position (x 0 ,y 0 ) to determine its local contribution,
where z = ±h fluid / 2 at the upper and lower surfaces of the channel. 
Since Eq. (8) is independent of Poisson's ratio, this analysis establishes that Poisson's ratio has no effect on the on-axis flow. Consequently, the models in Refs. [20] [21] [22] for on-axis flow are formally valid for all Poisson's ratios.
Off-axis placement
Next, the additional flow generated by the placement of the fluid channel away from the neutral axis is considered, i.e., z 0 = 0.
This flow results from the boundary conditions specified by F 1 (x,y|ω) and F 2 (x,y|ω) in Eq. (7). In the limit of zero Poisson's ratio, F 2 (x,y|ω) vanishes while F 1 (x,y|ω) has a component in the x direction only. This latter component was analyzed in the formulation of Ref. [21] . We now examine the contributions of F 1 (x,y|ω) and F 2 (x,y|ω) for nonzero Poisson's ratio.
Function F 1 . We begin with the boundary condition specified by F 1 (x,y|ω). The displacement field of the beam corresponding to F 1 (x,y|ω) is
whose divergence is
Equation (10) establishes that the volume change in the channel generated by this boundary condition depends on Poisson's ratio-an incompressible solid (σ = 1/2) yields no net volume change in the channel. As the beam extends in the x direction, it contracts in the y and z directions in accord with Poisson's ratio of the material; see Eq. (9) . Consequently, the off-axis pumping mechanism described in Ref. [21] can strongly be modified by Poisson's ratio σ .
Function F 2 . Importantly, F 2 (x,y|ω) does not yield a change in channel volume since its divergence is zero-it produces a shear flow parallel to the z direction. This is similar to F 0 (x,y|ω) and results in localized flow at any planar position (x 0 ,y 0 ). Comparing F 0 (x,y|ω) and F 2 (x,y|ω) immediately establishes that F 2 (x,y|ω) is of similar order to the (negligible) higher order terms of F 0 (x,y|ω) in Eq. (8) . Consequently, F 2 (x,y|ω) also produces a negligible contribution.
To summarize, we find that, under the assumptions of EulerBernoulli beam theory, (i) the on-axis flow is independent of Poisson's ratio, whereas, (ii) the off-axis flow is generated solely by F 1 (x,y|ω) and depends strongly on Poisson's ratio. Therefore, the flow generated by the on-axis problem is identical to that given in Ref. [21] .
We examine the flow induced by F 1 (x,y|ω) for an arbitrary Poisson ratio in the next section.
B. Off-axis flow for an arbitrary Poisson ratio
Analysis of the off-axis flow for an arbitrary Poisson ratio follows along similar lines to that given in Ref. [21] . Therefore, we only present the essential details and refer the reader to Ref. [21] for a more comprehensive discussion; identical notation and functions to those of Ref. [21] will be used where possible.
Since the flow is not localized, we consider the entire rigid lead channel and cantilever system. The length of the rigid lead channel is defined to be L c , and the origin of the coordinate system is at the clamped end of the cantilever; see Fig. 2 .
Because high pressures can be generated [21] in the fluid channel, we consider the case of viscous compressible flow. The governing equations in the time domain are the linearized compressible Navier-Stokes equations [see Assumption (E)],
where v is the velocity field of the fluid, P is the pressure, and μ is fluid shear viscosity. The Stokes hypothesis has been invoked in Eq. (11), i.e., the bulk viscosity μ B is set to zero, but this is of no consequence to the final solution as discussed in Ref. [21] . In this (linear) limit of small amplitude, the corresponding equation of state for the fluid is as follows:
where κ is the compressibility of the fluid and is related to the speed of sound c by κ = 1/(ρ 0 c 2 ) and ρ 0 is the fluid density at ambient pressure (P = 0). Substituting Eq. (12) into Eq. (11) and noting the time ansatz used previously then gives
For clarity of exposition, the displacement and velocity fields of the fluid are denoted by lowercase symbols, whereas, those of the solid (beam) are denoted by capitals.
Since the cantilever length L greatly exceeds the channel thickness h fluid , we scale the x coordinate by L, the y coordinate by b fluid , and the z coordinate by h fluid . The pressure scale is also chosen to be appropriate for the low inertia limit, and the velocity scales are obtained from the boundary conditions and continuity equation. This leads to the following set of scales:
where the subscript s indicates a scaling. Substituting Eq. (14) into Eq. (13) and noting that L b fluid h fluid then gives the required leading order scaled governing equations,
where an overscore indicates a scaled variable, the velocity field is v = ux + vẑ + wẑ, the pressure is independent of y and z, to leading order, and the following dimensionless variables naturally arise:
These variables have the following physical interpretations:
(i) β is the squared ratio of the channel thickness to the viscous penetration depth and indicates the importance of fluid inertia. This parameter is commonly referred to as the Reynolds number [25, 26] .
(ii) γ is the squared ratio of the cantilever length to the acoustic wavelength and indicates the importance of acoustic effects. This is termed the normalized wave number.
(iii) α is the ratio of γ and β and dictates when fluid compressibility significantly affects the flow due to variations in fluid density via the pressure. It is termed the fluid compressibility number.
Equation (15) is correct to leading order for small h fluid /L and b fluid /L, while Euler-Bernoulli beam theory is also derived in the asymptotic limit of small h/L and b/L. Thus, the governing equations for the solid and fluid are formally consistent asymptotic theories; see Sec. 3.5 of Ref. [21] for further discussion.
In Ref. [21] , the free end of the beam (x = 1) was chosen as the origin of the (moving) reference frame in which the problem was solved. This change of frame inherently accounted for the volume variations in the channel, since the reduced problem (for zero Poisson's ratio) corresponded to a channel whose sidewalls were straining purely in their plane in an infinite fluid reservoir. For nonzero Poisson's ratio, however, the channel walls deform in all three dimensions, see Eq. (17), and this change of frame provides no such conceptual advantage. Thus, in contrast to Ref. [21] , we solve the problem in the original (fixed) reference frame of the beam. The scaled boundary conditions at the channel walls follow from Eqs. (6), (7b), and (14) and the use of the usual no-slip condition,
Motivated by the boundary conditions in Eq. (17), we then search for a solution of the form
where the functions f (x), h (x), and k (x) are to be determined. Substituting Eq. (19) into Eqs. (15) and (17) then gives
where B is a constant. Solving Eqs. (20c) and (20d) yields the solution for k,
and the constant B,
Substituting Eq. (20e) into Eq. (19) then gives the required velocity field,
where the governing equation for h (x) is obtained from Eqs. (20a) and (20b),
The function h(x) is termed the associated pressure function due to its connection to the pressure distribution via Eq. (20a). The boundary conditions for h(x) are obtained by (i) ensuring the pressure at the inlet to the channel (x = −L c ) equals the ambient pressure in the reservoir [21] and (ii) the x component of the velocity matches Eq. (17) at the free end of the cantilever (
The solution to Eqs. (24) and (25) is easily evaluated using the Green's function method
and the scaled pressure is obtained from Eq. (20a),
The rate-of-strain tensor for this velocity field is
C. Quality factor
We now present expressions for the quality factor of the device. Since the above analysis is derived at an arbitrary radial frequency of oscillation ω, it is applicable to any mode of vibration. This is of course provided that the underlying assumptions of the Euler-Bernoulli beam theory and the corresponding fluid-structure interaction problem are satisfied [22] .
The quality factor is defined by
where E stored is the maximum energy stored in the mode, E diss/cycle is the energy dissipated per cycle in that mode, and ω R is the radial resonant frequency of the mode. The energy dissipated per cycle E diss/cycle is easily calculated using Eq. (8) of Ref. [21] , whereas, the maximum energy stored is obtained from the usual Euler-Bernoulli beam theory formula [23, 24] . Using the on-axis result in Ref. [21] and the formulas derived above for the off-axis flow then yields the required result for an arbitrary Poisson ratio,
where the normalized quality factor is given by
and
whereW (X) is the normalized deflection function of the mode under consideration such thatW (1) = 1. The other required functions S(X) and h(X) are defined in Eqs. (18) and (26), respectively. We denote the normalized deflection function of the nth mode of vibrationW (X) =W n (X), whose solution is obtained directly from Eqs. (4), i.e.,
where C n is the nth positive root of cosh C n cos C n = −1.
All dimensionless variables β, γ , and α are evaluated at the resonant frequency ω = ω R of the mode of vibration under consideration; see Eq. (16).
III. RESULTS AND DISCUSSION
We now investigate the effect of Poisson's ratio using this theoretical model. The discussion will focus on the off-axis problem, since the on-axis flow is independent of Poisson's ratio and was considered in detail in Ref. [21] . We also consider the practically relevant case of 0 σ 1/2 [24] . First, analytical forms of the equations are assessed, following which, a detailed comparison to numerical results will be presented. We will conclude with a quantitative comparison to experimental measurements and practical recommendations.
A. Incompressible flow
To begin, the limiting case of incompressible flow is considered, for which the fluid compressibility number is α = 0. Since h(X) is directly proportional to α, it follows from Eq. (26) that h(X) = 0 for incompressible flow; h(X) contains all fluid compressibility effects. Equation (33a) then establishes that rescaling of the zero Poisson ratio solution [21] byZ
exactly accounts for the effect of the nonzero Poisson ratio. The underlying physical reason for this behavior is that the volumetric flux induced by pumping in the off-axis flow is directly proportional to (1 − 2σ )Z 0 ; see Eq. (10). Thus, increasing Poisson's ratio from zero leads to a reduction in the effects of this pumping mechanism and, hence, less sensitivity to off-axis placementZ 0 of the channel. In the limit of an incompressible solid (σ = 1/2), the volumetric flux into the channel is zero, and the energy dissipation vanishes for allZ 0 .
B. Compressible flow
With this result in hand, the general case of compressible flow is considered, i.e., α > 0. It was shown in Refs. [20] [21] [22] that the effects of fluid compressibility on the off-axis flow are paramount for practical devices and cannot be ignored. Unlike the incompressible flow limit, Eqs. (26) and (27a) establish that the rescaling (1 − 2σ )Z 0 is not exact for compressible flow. However, provided the first term dominates the second one in Eq. (27a), i.e., if |B| β and/or the function h(X) is small, the rescaling in Eq. (35) will hold approximately. Note that, in the singular limit of an incompressible solid, i.e., σ = 1/2, the second term in Eq. (27a) will dominate the first always, thus rendering the condition |B| β irrelevant. The consequences of this property for an incompressible solid will be examined further below.
From Fig. 4 , we find that the inequality |B| β is satisfied only in the low fluid inertia regime, i.e., β 10. However, contribution of the on-axis flow to the total energy dissipation dominates that of the off-axis flow in the (complementary) high fluid inertia regime. Thus, violation of the condition |B| β is of little practical consequence to the total energy dissipation in the high fluid inertia regime. Therefore, the rescaling in Eq. (35) can be used to predict the effect of Poisson's ratio on the total energy dissipation in the device, regardless of fluid inertia for many cases of practical interest-exceptions do exist, which we will now discuss. We focus on the limit of high fluid inertia (β 10) where the inequality |B| β no longer holds. In this limit, the governing equation in Eq. (24), for the function h(X), which contains all fluid compressibility effects, becomes
with h (−L c ) = h(1) = 0. Equation (36) establishes that, if the acoustic wavelength is large in comparison to the cantilever length, i.e., γ 1, the function h(X) is negligibly small. In this case, Eq. (33a) then indicates that the dependence on off-axis channel placement of the energy dissipation is well approximated by the Poisson ratio rescaling in Eq. (35) at high fluid inertia-this is expected, since the flow is approximately incompressible with (acoustic) wave motion being suppressed. However, in the small acoustic wavelength limit γ 1, the right hand side of Eq. (36) exerts a significant effect, and the rescaling in Eq. (35) no longer holds. Here, acoustic effects are significant, and the flow can strongly deviate from the incompressible flow limit. We emphasize that this feature is not of major practical significance because the off-axis flow dominates the energy dissipation primarily in the low inertia regime as discussed above.
Nonetheless, situations do exist where fluid compressibility effects dominate at high fluid inertia (β 10), but these rarely occur in practice and require generation of acoustic resonances by the off-axis flow [21] . In such cases, the rescaling in Eq. (35) is not applicable. Even so, these singular cases are difficult to realize experimentally [22] , and thus, Eq. (35) can be used in the preliminary design and characterization of device behavior. Most importantly, Eq. (35) establishes that the use of a high Poisson ratio material reduces the effect of off-axis channel placement in many cases of practical interest.
These findings along with the regime of validity of Eq. (35) will be investigated numerically in the next section.
C. Numerical results
Numerical results illustrating the effects of Poisson's ratio on the flow behavior and energy dissipation (quality factor) are now presented. Results will be given for the fundamental mode in this numerical study, with the effects of higher order modes considered in the comparison to experimental measurements in Sec. III D. Throughout this section, we consider the typical practical case where the length of the rigid lead channel equals 026304-7 the cantilever length, i.e., L c = L. All equations presented in Sec. II were implemented numerically using MATHEMATICA8.0.
Velocity field
To begin, we examine the effect of Poisson's ratio on the velocity field due to the off-axis flow only; the on-axis flow is independent of Poisson's ratio. Figure 5 presents results for the velocity field at a very low acoustic wave number (γ = 0.001) for low and high fluid inertia as a function of Poisson's ratio of the beam material. Note that the velocity field decreases in magnitude as the Poisson ratio increases from σ = 0 to σ = 0.5, while its dependence on the coordinate z does not change. Namely, in the low fluid inertia limit, we observe a quasiparabolic flow, while for high fluid inertia, thin boundary layers are present in the immediate vicinity of the channel walls, i.e., atz = ±1/2. These velocity fields exhibit the Poisson ratio rescaling in Eq. (35), which is expected since the flow is essentially incompressible at this very small acoustic wave number (long acoustic wavelength).
In Fig. 6 , we present complementary results for a moderately low acoustic wave number of γ = 0.1. Different behavior is observed here, with the effects of fluid com- pressibility playing a significant role for the low fluid inertia case of β = 0.1; see Fig. 6(a) . This is expected since the fluid compressibility number is α ≡ γ /β = 1, in this case, indicating that compressibility of the fluid is significant. Distortions in the velocity profile in Fig. 6(a) are observed in comparison to Fig. 5(a) (which corresponds to α = 0.01). This behavior was discussed in detail in Ref. [21] and is due to nonmonotonic variations in the pressure distribution induced by fluid compressibility effects. Nonetheless, the results in Fig. 6(a) follow the Poisson ratio rescaling in Eq. (35) in agreement with the discussion above (for low fluid inertia, β 10). As fluid inertia increases, however, we find that while the Poisson ratio rescaling in Eq. (35) captures the dominant behavior, there are some (small) deviations. This is also expected, since for high fluid inertia, Eq. (35) is valid only for a low acoustic wave number, i.e., γ 1, Figure 6 (b) exhibits Fig. 5(c) and corresponds to the incompressible high fluid inertia limit. Figure 7 presents results for the case of a high acoustic wave number (γ = 10), i.e., small acoustic wavelength. Here, acoustic effects in the flow are strong and distort the velocity field significantly from the incompressible flow result. Interestingly, however, the low inertia velocity fields in Fig. 7(a) still satisfy the Poisson ratio rescaling in Eq. (35)-this is in agreement with the above discussion, which predicted that Eq. (35) always holds for low fluid inertia, i.e., β 10. Since the fluid compressibility number is very large in this case, α = 100, compressibility of the fluid strongly distorts the flow, with velocity gradients being concentrated near the clamp; these are just visible in Fig. 7(a) .
However, for β = 10 and β = 1000 in Figs. 7(b) and 7(c), respectively, the rescaling in Eq. (35) is not exhibited. While the velocity fields show a dependence on Poisson's ratio, the flow magnitude does not decrease with an increasing Poisson ratio. These results are in complete agreement with the discussion above, which predicted that Eq. (35) holds at moderate to high fluid inertia, provided the acoustic wave number is small.
Taken collectively, the results in Figs. 5-7 and the discussion above clearly establish that the Poisson ratio rescaling in Eq. (35) does not hold at moderate to high fluid inertia (β > 10) with small acoustic wavelength, i.e., γ > 1. However, since the off-axis flow typically exerts a weak effect on the overall flow (which includes the on-axis flow) in such cases, these results indicate that Eq. (35) accounts for the effects of Poisson's ratio on the total energy dissipation, regardless of fluid inertia. This will be examined in detail below.
Energy dissipation
In Fig. 8(a) , we present results for the scaled energy dissipation (normalized quality factor) of a typical device with an acoustic wave number of γ = 0.03 [21] and a fixed off-axis channel placement ofZ 0 = 0.1. These results are obtained using the theoretical model in Eqs. (31)-(34) that rigorously accounts for the effects of nonzero Poisson's ratio. Figure 8 clearly demonstrates that increasing Poisson's ratio reduces the effects of off-axis channel placement. This finding is directly in line with the above discussion and is due to a reduction in the volumetric flux induced by the off-axis pumping action-the channel walls contract with axial expansion at nonzero Poisson's ratio; see Eq. (9).
In Fig. 8(b) , we present results complementary to Fig. 8(a) , whereby the theoretical model is implemented for a Poisson ratio of zero, and the off-axis placement is rescaled in accord with Eq. Importantly, a small discrepancy does exist between Figs. 8(a) and 8(b) for the limiting case of σ = 1/2, i.e., for an incompressible solid. This effect is accentuated by increasing the off-axis channel placementZ 0 , which also allows the off-axis flow to contribute in the higher inertia regime; see Fig. 9 . These results demonstrate that the rescaling in Eq. (35) is valid for all β, provided σ = 1/2; the acoustic wave number is small γ = 0.03 1 in line with the above discussion. Even so, Eq. (35) does correctly predict a dramatic reduction in the effects of off-axis channel placement for σ = 1/2 in comparison to σ = 0, as observed in Figs. 8(a) and 9(a) .
In Fig. 9 , there is a clear deviation between the rescaling of the zero Poisson ratio solution and the exact result for σ = 1/2. Equation (35) erroneously predicts that off-axis placement has no effect in this limiting case. This deviation is expected since Eq. (35) simply accounts for the net volume change in the channel, while ignoring the additional mechanism due to finite fluid compressibility. This latter effect results in pumping of fluid into and out of the channel, despite a zero net volume change in the channel at σ = 1/2, as we will now investigate.
Volumetric flux
To illustrate this fluid compressibility effect at Poisson's ratio of σ = 1/2, we present results for the volumetric flux at the inlet of the rigid channel as a function of Poisson's ratio in Fig. 10 . This is calculated for fixed β as the normalized wave number γ is varied. Note that, for small normalized wave number γ , the volumetric flux decreases with increasing Poisson's ratio. This is expected, since the flow is approximately incompressible in this limit, and increasing Poisson's ratio reduces the net volume change in the channel. However, above a normalized wave number of order unity, varying the Poisson ratio has little effect on the volumetric flux into the channel. This is precisely the regime where acoustic (compressibility) effects in the fluid are dominant, leading to acoustic resonances in the channel. While there is some variation in the peak volumetric flux at these resonances, this variation is weak in comparison to the incompressible fluid solution (γ → 0) for σ = 1/2 that yields zero volumetric flux. Positions of the acoustic resonances are unaffected by Poisson's ratio, as expected.
Fluid pressure
Next, we examine the effects of Poisson's ratio on the maximum pressure induced by the off-axis flow, results for which are given in Fig. 11 . A detailed discussion of the zero Poisson ratio results of Fig. 11(a) were presented in Ref. [21] , and, thus, we focus on the effects of Poisson's ratio only. Figure 11 clearly demonstrates that increasing Poisson's ratio reduces the maximum pressure in the channel, with the effect being more pronounced at low β, i.e., low inertia. Mechanisms leading to this behavior are now studied.
In the low inertia limit, the viscous boundary layers generated at the channel walls strongly overlap, and extension and compression of the channel lead to significant dilation of the fluid by the pumping mechanism. Increasing Poisson's ratio reduces this dilational effect because the net volume change in the channel decreases with increasing Poisson's ratio. In contrast, at high β, the viscous boundary layers are tightly confined to the channel walls, leading to (approximate) plug flow outside the boundary layers. Thus, the pressure distribution in the high inertia regime is dominated by acceleration of this plug flow as the channel moves.
To fully explore this feature at high β (which corresponds to incompressible fluid flow), we examine the functional form of the pressure gradient. From Eqs. (20b), (20e), and (24), we obtain the following result in the incompressible fluid limit (α → 0):
For high β, |B| β as illustrated in Fig. 4 , and, thus, Eq. (37) reduces to
Equation (38) clearly establishes that the scaling in Eq. (35) does not apply to the pressure in the incompressible fluid limit. This is because acceleration of the fluid is always present in the plug flow region, regardless of the Poisson ratio. This acceleration is the mechanism that gives rise to the pressure distribution of Eq. (38). As such, Poisson's ratio exerts a relatively weak effect in this high inertia regime as observed in Fig. 11 . In the opposite limit of low inertia (low β), the viscous boundary layers strongly overlap, and fluid compressibility effects are dominant; note that α = γ /β. Consequently, the pressure distribution is generated primarily by shearing and compression of the fluid as the channel contracts and expands. In this regime, |B| β and the governing equation for the associated pressure function h(X) becomes
provided σ = 1/2. Since the right hand side of Eq. (39) is directly proportional to 1 − 2σ , it immediately follows that the rescaling in Eq. (35) holds true. The pressure distribution induced by acceleration of the fluid is comparatively small in this case, which is dominated by viscous and compressibility effects. This fluid acceleration (inertia) effect only presents itself in the singular limit σ = 1/2. Therefore, we conclude that Poisson's ratio dependencies of the pressure distribution differ greatly in the low and high inertia regimes as observed in Fig. 11 .
D. Comparison to experimental measurements
In this section, we present a comparison of the arbitrary Poisson ratio theory in Eqs. (31)-(34) to detailed experimental measurements. These measurements were reported in our previous paper that investigated the effects of higher order modes [22] . They were performed using a glycerol-water mixture, allowing for the viscosity to be varied over 3 orders of magnitude. The geometric and mechanical properties of these (silicon) cantilevers are given in Table I . These devices have different channel thicknesses, ensuring measurements span the low to high inertia flow regimes. The reader is referred to Ref. [22] for details of the measurements and these devices. The Poisson ratio of these devices is taken to be σ = 0.25 [27] in the analysis below.
The only unknown parameter in the model is the off-axis placement of the channelZ 0 . SinceZ 0 is a fixed geometric property of each device, its value cannot vary between mode number. As such,Z 0 was obtained by only fitting results for the fundamental mode of each device; theoretical results for mode 2 were then calculated using this fixed value. This provides a consistency check and assessment on the validity of the theoretical model. This fitting procedure involved adjustinḡ Z 0 to minimize the difference between the theoretical model in Eqs. range considered. Independent measurement ofZ 0 was not possible in the current experimental setup. Good agreement between theory and measurement was observed in Ref. [22] , which implicitly assumed a Poisson ratio of zero. The above theoretical discussion establishes that Poisson's ratio has the effect of rescaling the off-axis placement; see Eq. (35). Therefore, we expect to see similar agreement with the full nonzero Poisson ratio theory of Eqs. (31)-(34), provided the off-axis placement in the zero Poisson ratio theory of Refs. [20] [21] [22] is rescaled in accord with Eq. (35). Figure 12 gives a comparison of the measured normalized quality factor with the theoretical model presented in Eqs. (31)-(34) for the fundamental mode of vibration (mode 1). The off-axis channel placementZ 0 was used as a fitting parameter in this comparison. As predicted above, the fitted values ofZ 0 are a factor ≈1/(1 − 2σ ) = 2 higher than those obtained in Ref. [22] (which used zero Poisson's ratio). By comparing Fig. 12 with Fig. 11 of Ref. [22] , we find that the theoretical predictions using the nonzero Poisson ratio are almost identical to the zero Poisson ratio theory under the rescaling in Eq. (35). We emphasize that the terms compressible and incompressible in Figs. 12 and 13 refer to the fluid only-the solid is always compressible in these devices as dictated by the Poisson ratio.
Complementary results for mode 2 are given in Fig. 13 and are virtually identical to Fig. 12 of Ref. [22] . We again emphasize that the off-axis placementsZ 0 were taken from fits to the fundamental mode in Fig. 12 . This provides strong evidence for the robustness of the model.
These results serve to demonstrate (i) the validity of the full model in Eqs. While these results illustrate the validity of the model, they also highlight differences between the model and the measurements on practical devices. These differences are not unexpected, given the level of approximation in the model. Most importantly, the model implicitly assumes (i) a cantilever beam whose length greatly exceeds its width and thickness, and (ii) the fluid channel width is much larger than its thickness; see the assumptions in Sec. II. Examination of the device dimensions in Table I reveals that these assumptions may not strictly hold for the devices investigated. Nonetheless, the agreement between the model and the measurements is good and indicates that the level of approximation is appropriate for extracting the central effects. For a more complete discussion of these approximations and suggestions for their improvement, the reader is referred to Secs. 3.4 and 3.5 of Ref. [21] .
E. Practical recommendations
The above results and analysis demonstrate that the dominant effect of Poisson's ratio on the quality factor is to simply rescale the off-axis channel placement, resulting in an effective off-axis channel placement
The question may then be asked as to which model should be implemented in practice: (i) the (arbitrary Poisson ratio) model presented here in Eqs. (31)-(34) or (ii) the original (zero Poisson ratio) model combined with the rescaling in Eq. (40). Since both models exhibit similar complexity and accuracy, it is recommended that the model with the arbitrary Poisson ratio be used in practice. This will inherently avoid any omissions due to the finite Poisson ratio, which are not captured by Eq. (40). Such situations include (i) the rare case where an incompressible solid (σ = 1/2) is studied, (ii) the effect of acoustic-resonance effects in the flow at high fluid inertia (see Fig. 10 ), and (iii) the effect of Poisson's ratio on the pressure distribution in the channel also at high inertia flows (see Fig. 11 ). Importantly, truly incompressible solids are rarely encountered, acoustic resonances are difficult to realize, as discussed in Ref. [22] , and the off-axis flow at high inertia has little effect on the quality factor except in the presence of acoustic resonances [22] . Therefore, these considerations do not affect the device quality factor in most cases of practical interest.
Nonetheless, Eq. (40) provides important information that can be used in engineering and design to gain an initial understanding of the effects of Poisson's ratio and to modify the energy dissipation of microfluidic beam resonators. Since decreasing Z eff reduces the effects of any off-axis flow, the use of materials with high Poisson's ratio σ is very desirable. This can potentially improve the sensitivity of frequency shift (mass) measurements, which is one of the primary applications of these devices.
IV. CONCLUSIONS
We have investigated the effect of Poisson's ratio on energy dissipation in microfluidic beam resonators. This included a rigorous derivation of the displacement field of the EulerBernoulli beam theory and a commensurate treatment of the fluid-structure interaction problem. It was found that Poisson's ratio had no effect on energy dissipation provided the fluid channel was placed precisely on the neutral axis of the beam. In contrast, off-axis placement generates an additional flow that is strongly dependent on Poisson's ratio.
For many cases of practical interest, it was shown that offaxis channel placement and Poisson's ratio (approximately) appear as a single term (1 − 2σ ) z 0 in the model. This establishes that (i) rescaling z 0 → (1 − 2σ ) z 0 accounts for the dominant effects of Poisson's ratio, and (ii) the use of a high Poisson ratio beam material can reduce the effects of off-axis placement and, thus, enhance the quality factor. The validity of this Poisson ratio effect also was demonstrated by comparison to detailed measurements on a series of devices that span the low to high inertia regimes. These results are expected to be of significant practical value, allowing for greater flexibility in the design and application of microfluidic beam resonators.
